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1 Introduction 



£> ' Let Q be a bounded domain in an n(> 2)-dimensional Euclidean space M. n with smooth 

boundary d£l. In the present article, we consider the eigenvalue estimate for the 
following problem: 



(-A) p u = A(-A)u, in ft, 

du dP^u n _ (LI) 

r = ^ = --- = d^ = ° ondn > 

where v denotes the outward unit normal vector field of dO, and p is a positive integer. 
Let < Ai < A2 < A3 < • • • — > +00 denote the successive eigenvalues for (jl.ip . where 
^ ■ each eigenvalue is repeated according to its multiplicity. 

When p = 2, the eigenvalue problem (jl.ip is called the buckling problem. For the 
buckling problem, Payne-Polya- Weinberger [11] proved, in the case of n = 2, that 

A 2 < 3Ai. (1.2) 

Following the method of Payne-Polya- Weinberger in [11], the inequality (jl.2p can be 
generalized to fi C l n as (see [2]): 



In 1984, Hile and Yeh [10] improved the above results as follows: 

n 2 + 8n + 20 , 
A2 < - f ^ 9 , 2 Ai. 
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Lower order eigenvalues of the poly-Laplacian with any order 



On the other hand, Ashbaugh [1] proved another inequality as the following form: 

n 

^(A i+1 -A 1 )<4A 1 . (1.3) 

i 

To answer a question of Ashbaugh given in [1], Cheng- Yang [4] obtained in 2006 a 
universal inequality for higher eigenvalues of (II. ip with p = 2. In fact, they proved 
that 

f>fc+i - A,) 2 < X>fc+i " A *) A " (I- 4 ) 

i=i «=i 

As a generalization of (|1.4p , Huang and Li [7] proved the following inequality of eigen- 
value estimate for the problem (jl.ip with p > 2: 

X> + i " A,) 2 < 4b - 1)( 7 2p - 2) £(A fe+1 - A,)A, (1.5) 

i=l i=l 

Estimates for higher order eigenvalues of (jl.ip has been recently studied by many 
mathematicians. For the other related development in this direction, we refer to [3,5- 
8, 12, 13] and the references therein. 

In particular, Cheng-Ichikawa-Mametsuka considered in [9] the eigenvalue estimate 
for the problem 

" (-A) p u = An, in £1, 

du dP- l u n (1-6) 

and proved the following inequalities: 

■n 

5^(Ai +1 - Ai) < 4p(2p - l)Aj forp>2, (1.7) 
i=l 



-l 



5>f +1 - A r) p_1 ^ ( 2 ^r 1 v ^ ? > 2. (i.8) 
i=i 

Inspired by [9], we consider the eigenvalue problem (jl.ip with p > 2 and wish to 
obtain the similar results as (|1.7p and (jl.8p . Our main results of this paper are stated 
as follows: 

Theorem 1.1. Let VL be a bounded domain in an n{> 2) -dimensional Euclidean space 
M. n . Assume that Aj is the i-th eigenvalue of the problem (jl.ip with p>2. Then, 



5^(A i+1 -A 1 )<4[p(2p + n-2)-n]A 1 . (1. 



i=l 



Theorem 1.2. Let Vt be a bounded domain in an n{> 2) -dimensional Euclidean space 
W 1 . Assume that Aj is the i-th eigenvalue of the problem (jl.ip with p > 3. Then, 



P-2 



^(a- 1 - Ar x r 2 < (2 P y- 2 Ar- (1.10) 



i=l 
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2 Proof of Theorem 1.1 

Let Ui be the orthonormal eigenvalue function of the problem (jl.ip with respect to L 2 
inner product corresponding to Aj, that is, 



f (-Afui = Ai(-A)«i 



dv dv p 1 

(Vui,Vuj) = 5ij. 



in Q, 
on <9f2, 



We first choose rectangular coordinates for R n by taking as origin the center of gravity 
of fi with mass-distribution |Vui| 2 such that 

/ (V(xjUi), Vui) = for i = 1, 2, • • • , n. 
Jn 

Then, by a rotation of the coordinate system if necessary, we may also assume 

/ (V(xiUi),Vuj) = for 2 < j < i < n, 
Jn 



and hence we arrive at 



/ (V(xiUi), Vuj) = for 1 < j < i < n. 
Jn 



Let (pi = X{U\. Then </?j 



dpi 
dv 



r = on d£l and 



/ (V<Pi,Vuj) = for 1 < j < i < n. 
Jn 



From the Rayleigh-Ritz inequality, one gets 

/ n¥?i (-A)y f 
Ai+1 - — f Tv7 — 12 — • 

Note that 

(-A)*^ = (-Af(^m) = AiXiC-AJui - 2p(-A)P- 1 n 1 , Xi , 
where = dui/dx{. It follows that 

^(-A)Vi= / <Pi[AiXi(-A)ui - 2p(-A) p - 1 ui iX J 



/ y >i [Ai(-A)(z i «i) + 2Aiiii i:Cj - 2p(-A) p V^J 

Ai / |V</? i | 2 + 2A 1 / ccjuiui,^ - 2p / ifii-Af- 1 
Jn Jn Jn 

Ai / |V^| 2 -A! / u\-2p ( ifii-Af^u^. 
Jn Jn Jn 



(2.1) 



(2.2) 



4 Lower order eigenvalues of the poly-Laplacian with any order 

Combining with (|2TTj) and (f!T2j) yields 

(A i+1 - Ax) ( |V^| 2 < -Ai ( u\ - 2p I i Pi {-A)P- 1 u l!Xi . (2.3) 
Jn Jn Jn 

Using integration by parts, we have 

/ (V<pi, Vui jXi ) = - / (V(xiUi) Xi , Vui) = - / |Vui[ 2 - / (V(xiUi }Xi ), V«i) 
Jji Jji Jsi 

= - 1 - / - / ([V(xiUi) - uiV^], Vui >Xi ) 
Jn Jn 

= -1-2 / «? - / (V^,V«i lX4 >. 

Hence, 

1 < 1 + 2 / u 2 ^ = -2 / (V^, Vu ltXi ). (2.4) 
By Cauchy inequality one knows from (|2.4|) that 

1 <a( [ (Vv>i,Vu ltXi )) <4 f |V^| 2 f \Vui, x f. (2.5) 
\Jn J Jn Jn 



Then from (|2.3j) and (|2.5p . it is easily seen that 



n n ( r r 

Y7A m -Ai) <4Vi (Ai+i-AO / |V^| 2 / |Vu Mi 
i=i i=i ^ 

<4V{f-A! / u\-2p ( tfii-A^u^) [ \Vui, Xi 
~l l\ Jn Jn J Jn 



Denote 

f A r//2 when r is even, 

I V(A (r " 1)/2 ) when r is odd. 

Then we have the following lemma: 

Lemma 2.1. [7] Let u\ be the eigenfunction of the problem (|1.6|) corresponding to the 
eigenvalue Ai . T/ien we have 

[ |Vux| 2 < Af- 1)/(p - X) for r = 2,3,...,p. (2.7) 
in 

Proof. First we prove the inequality 

/ /■ \V(r-l) / r \l/r 

Umi-AyuA < U ^(-Af+VJ . (2.8) 
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For r = 2, we have 



f ui(-A)V= f (V«i,V(-A)«i) 



\ 1/2 

ui(-A)V 
n / 

Suppose that inequality (|2.7p holds for r — 1, that is, 

l/(r-2) / , \V(r-l) 



«i(-A) r - i « 1 

n 

Then, for integer r, 

I Ul (-A) r Ul = - [ (v-V,v'' + V) 



which gives 



/ r \ 1 I 2 / r \ 1 / 2 

<( / iv-vr) ( / iv r+ vi 2 

= (7 ui(-A) r -Vy /2 (7 ui(-A) r+ V Xl " 

/ /■ \ (r-2)/2(r-l) / , \ 1/2 

< (/ «i(-A) r ul j n «i(-A) r+ vj 



, - \V(r-l) / /• \l/r 

/ Ul (-A) r «i < / U i(-A)'' +1 m 

v/n / Via / 

This means that inequality (|2.8|) holds. Repeatedly using inequality (|2.8|) . we deduce 

l/(r-l) / /• \ l/r 



<•••<( / A) p «i ] =Al /(j, - 1) 



V(p-i) 



This concludes the proof of Lemma 2.1. □ 

From (|2.7p and Schwarz inequality it follows that 



IVuiI 2 ) = ( / ui(-A) Ul 



2 / r \ 2 

|Vui| 2 ) 

n 

< / u\ I m(-A)V < / -u 2 . 

J n Jn Jn 



(2.9) 
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A direct computation yields 

f ^(-Af-V,^ = [ u 1>Xi (-A)P-\x iUl ) 
Jn Jn 

= J u 1)Xi (^(-Af-% - 2(p - l)(-A)P- 2 Ul ^ 
= - J «i ((-Af "V + Xi(-Af -V 1>a: ^ 
+ 2(p-l) / uiC-Af-V,^ 



Jn Jn 
+ 2(p-l) / ^(-Af-V,^, (2.10) 



which shows that 



n „ 
i=i ^ 



2p + n-2 /■ x 
' Aj^ u\ 



2 



n 



>- 2p+n - 2 Ar. (2.1D 



On the other hand, it easy to see that 

n „ n 



V / |Vu Mi | 2 = - V f «i(-A)« Wi = / «i(-A) 2 «i < Af" 1 . (2.12) 
,_ , Jn . , Jn Jn 



j=l i=l 

Finally, applying (J2I9D , OTP and (I2TT2D to ([23]), one finds 

n 

^(A i+1 - Ai) < 4[p(2p + n - 2) - n]A x , 

i=l 

completing the proof of Theorem 1.1. □ 

3 Proof of Theorem 1.2 

By virtue of flJSJ), it holds that 



Ai / u?>Ar ? - (3.1) 



n 



And from (|2.10p one finds that 



^(-Af-V,^ = - i / ^(-A)^ 1 ^ + (p - 1) / m(-Af-V,. 

<> ^ Jn Jn 

_ A P _1 



>--Ar-(?-l) / |V^n Mi r, (3-2) 



Guangyue Huang, Bingqing Ma 



7 



where (|2.7p has been used in the last inequality. Putting (|3.ip and f|3.2|) into (|2.3p 
yields 

(Ai+i-Ai) f |V<^| 2 < (p-l)AH +2p(p-l) / |V p -V )Xi | 2 . (3.3) 
in in 

In order to complete the proof of Theorem 1.2, we need the following lemmas. 

Lemma 3.1. Let A, 6e £/ie i-i/i eigenvalue of problem (jl.ip u;zf/i p>2, and Ui be the 
orthonormal eigenfunction corresponding to Aj. T/ien /or 1 < i < n, either 

'V,,J 2 , (3.4) 



E A r* ( A m x -v _1 J <2p(p-i) jmv- 



Of 



A?"! 1 -Af" 1 <4 / |Vu Mi | 2 . (3.5) 
in 

Proof. Suppose that there exists an i such that neither (|3.4p nor (|3.5p holds. 
Then by (|33|) 

(Aj+i - Ai) / |V^| 2 <(p - l)Ap + 2p(p - 1) / |V p - 2 u M J 2 
in in 

p-2 P~ 2 fc-1 / p-l-fc p-l-fc 

<( P -i)Ar i +E A r 1 vr 1 -v -1 
fc=i ^ 

p-l-fc fc-1 A A 

EaTT.Fi _ ~ Ai 

fc=i A^-Af" 1 



which shows that 

(A^-Ap) / |V^| 2 <1. (3.6) 
in 

On the other hand, it follows from (|2.5p that 

/ |V7/„.|2 
i\ i 



1 <4 / |V^| 2 / iVm^J 2 < (A^ 1 - Af" 1 ) / \V<p. 
in in in 



which contradicts with (|3,6p . This concludes the proof of Lemma 3.1. □ 

Lemma 3.2. Let Aj be the i-th eigenvalue of problem (II. ip luii/i p >2, and m be the 
orthonormal eigenfunction corresponding to Aj. T/ien 

|V r « Mi | 2 V < ( f |V r+1 n Ml | 2 V +1 for r = l,2,...,p-2. (3.7) 
n / \in / 

Proof. For r = 1, we have 



/ |Vtti )Xi | 2 = - / (VVl^ui,^) < ( / \V 2 Ui >Xi \ 2 / |ni iXi | 2 ) 
in in \in in / 

i i 

< i ivv,,j 2 / ivuipy =( / ivv 12X3 



n 
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i . i 

r—l 



Assume that (|3.7p is true for r — 1, that is, 

IV'-V^V" < ( / |V r n M J 2 

Then for r 

/ \V r u 1>x f = - [ (V^u^V^u^) 
Jn Jn 

r—l 1 

which gives that 

i 

n 

and Lemma 3.2 is obtained. □ 

Making use of Lemma 3.1 and Lemma 3.2, we can prove the following lemma: 

Lemma 3.3. If p > 3, then 

i 

A|jJ - < 2p ( jf |V p - 2 u Mi | 2 ) P ~ 2 (3.8) 

ZioWs /or 1 < i < n. 

Proof. By Lemma [37TT either f|3.4[) or (|3.5p holds. 
(1) If H33D holds, then 

/■ fc-l / p-l-k p-l-k 

2p(p-l) iV^P^Af 1 Vi 1 -A/- 1 

P~ 2 fc-l / p-2-fc 1 p-l-fc 

>E A r A w-v" 
*!=i ^ 

p-2 



E A r A m- A r 
*!=i ^ ^ 

(p-2)Ap (A^-ApV (3.9) 



Since 

/ |V^ 2 n M J 2 < V / |V^V,J 2 = / |V*-V| 2 <Ar, 
we obtain from (13.91) that 



2p(p -1)J \V p -W x f >(p - 2)A[ =? (A^ 1 - Ap 1 ) 



p-3 

>l/>-2)( / IV"- 2 ^.,,! 2 )^ fA^-Ap 
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Thus, for p > 3, one gets 



v—i A ^ MP -1) f f ,v7P-2„, ,2^ P ' 2 / o„ f /" IT7P-2.. ^ 



p-2 



A£i - A- 1 < ^ / IV^X^ 2 < 2p / |V^V ia:i |^ • (3.10) 



(2) If (|3.5p holds, then using (|3.7p . it is easy to see 



A?^ 1 - Ar 1 <4 [ \Vu liXi \ 2 <2p [ \Vu 
Jn Jn 

< . . . < 2p ( I \V p - 2 Ul 



-.. |2 

n 



i 

p-2 



(3.11) 



Thus (|3.8p holds anyway. □ 

Now summing up (|3.8|) over i from 1 to n yields 



E(A l i 1 -Arr 2 <(2 P r 2 x: / iv^v,j 2 = (2pr 2 £ / iv^vi 2 

i=l i=l ^ i=l ^ 

<(2 P )p- 2 aH, 
concluding the proof of Theorem 1.2. □ 
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